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Abstract 

Explicitly sufficient conditions on the hypercontractivity are presented for two 
classes of functional stochastic partial differential equations driven by, respectively, 
non-degenerate and degenerate Gaussian noises. Consequently, these conditions imply 
that the associated Markov semigroup is L^-compact and exponentially convergent to 
the stationary distribution in entropy, variance and total variational norm. As the 
log-Sobolev inequality is invalid under the present framework, we apply a criterion 
presented in the recent paper m using Harnack inequality, coupling property and 
Gaussian concentration property of the stationary distribution. To verify the concen¬ 
tration property, we prove a Fernique type inequality for infinite-dimensional Gaussian 
processes which might be interesting by itself. 

AMS subject Classification: 60H15, 60J60 

Keywords: Hypercontractivity, functional stochastic partial differential equation, Harnack 
inequality, coupling. 

1 Introduction 

The hypercontractivity was introduced in 1973 by Nelson nni for the Ornstein-Ulenbeck 
semigroup. As applications, it implies the exponential convergence of the Markov semigroup 
in entropy (and hence, also in variance) to the associated stationary distribution, and it 
also implies the L^-compactness of the semigroup subject to the existence of a density with 
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respect to the stationary distribution, see [15] for more details. In the setting of symmetric 
Markov processes, Gross [9| proved that the hypercontractivity of the semigroup is equivalent 
to the log-Sobolev inequality for the associated Dirichlet form. This leads to an extensive 
study of the log-Sobolev inequality. 

However, as explained in [3] the log-Sobolev inequality does not hold for the segment solu¬ 
tion to a stochastic delay differential equation (SDDE). As the segment solution is a process 
on a functional space, the equation is also called a functional stochastic differential equation 
(FSDE). In this case, an efficient tool to prove the hypercontractivity is the dimension-free 
Harnack inequality introduced in [TT], where diffusion semigroups on Riemannian manifolds 
are concerned. By using the coupling by change of measures, this type Harnack inequality 
has been established for various stochastic equations, see the recent monograph [T 3 | and ref¬ 
erences within. The aim of the present paper is to prove the hypercontractivity for functional 
stochastic partial differential equations (FSPDEs) in Hilbert spaces. We will consider non¬ 
degenerate noise and degenerate noise, respectively, so that the corresponding results derived 
in [3] for hnite-dimensional FSDEs as well as in [T5] for degenerate SPDEs are extended. 

In the recent paper [T5|, the second named author developed a general criterion on 
the hypercontractivity by using the Harnack inequality of the semigroup, the concentration 
property of the underlying probability measure, and the coupling property. In general, let 
Pt be a Markov semigroup on T^(/u) for a probability space such that n is Pi- 

invariant. By dehnition, Pt is hypercontractive if ||Pi|| 2^.4 = 1 holds for large enough f > 0, 
where || • || 2 -i 4 is the operator norm from to For any {x,y) G P x P, a process 

(Xt, Yt) on P X P is called a coupling for the Markov semigroup with initial point (x, y) if 

Pi/(x)=E/(W), Ptf{y) = Ef{Yt), f>0,/G^i,(P), 

where ^b{E) stands for the set of all bounded measurable functions dehned on P. 

The general criterion due to Wang [T5| is stated as follows. 

Theorem 1.1 ([H]). Assume that the following three conditions hold for some measurable 
functions p : P x P 1 -^ (0, 00 ) and f : [0, 00 ) (0, 00 ) such that limi^oo 4>(t) = 0 : 

(i) (Harnack Inequality) There exist constants to,Co > 0 such that 

f / 6 CrieE-, 

(ii) (Coupling Property) For any (^, y) & E x E, there exists a coupling (Xi, Yt) for the 
Markov semigroup Pt such that 

p{Xt,Yt) <f{t)p{i,y), f>0; 

(hi) (Concentration Property) There exists e > 0 such that (/i x p){e^A-A'^'^ < 

Then Pt is hypercontractive and compact in L‘^{p) for large enough f > 0, and 

h((^t/)logPf/) < ce"“V(/log/), t>0J> 0,/i(/) = 1; 

\\p^-y\\l-= sup /i((Pi/-/i(/))2) < ce"“*, t>0 
MP)<i 

hold for some constants c,a > 0. 
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We will apply the previous criterion to non-degenerate and degenerate FSPDEs, respec¬ 
tively. To state our main results, we first introduce some notation. 

For two separable Hilbert spaces ]H[i,]H[ 2 , let (Hi,IHI 2 ) (respectively, ^hs(Mi,^2)) be 
the set of all bounded (respectively, Hilbert-Schmidt) linear operators from Hi to H 2 . We 
will use I • I and (•,•) to denote the norm and the inner product on a Hilbert space, and 
let II • II and || • \\hs stand for the operator norm and the Hilbert-Schmidt norm for a linear 
operator. Below we introduce our main results for non-degenerate FSPDEs and degenerate 
FSPDEs, respectively. 

1.1 Non-Degenerate FSPDEs 

Let H be a separable Hilbert space. For a hxed constant tq > 0, let = C([— ro,0];H) 
be equipped with the uniform norm ||/||oo := sup_^jj<g<o |/(6*)|. For t > 0 and h € 
C([—To, cxo); H), let /ij G ^ be such that ht{9) = h{t + 6),6 E [—ro, 0]. 

Let W{t) be a cylindrical Wiener process on H under a complete hltered probability 
space (D, P); that is. 


W{t) = '^Bi{t)ei, f>0 

i=l 

for an orthonormal basis {ej}j>i on H and a sequence of independent one-dimensional Wiener 
processes {Bi{t)}i>i on (D, P). 

Consider the following FSPDE on H: 

(1.2) dX{t) = {AX{t)+ b{Xt)}dt + adW{t), t > 0, Xq = ^ G 

where (H, S>{A)) is a densely dehned closed operator on H generating a Co-semigroup 
6 : 1 -^ H is measurable, {a, is a densely dehned linear operator on H. We assume 

that A, b and a satisfy the following conditions. 

(Al) ( —A, ^{A)) is self-adjoint with discrete spectrum 0 < Ai < A 2 < ■ • • counting multi¬ 
plicities such that Ai t 00 . Moreover, there exists a constant S G (0, 1) such that, for 
every t > 0, a extends to a unique Hilbert-Schmidt operator on H which is 

denoted again by a and satishes 

(1.3) f ||e“*‘'“A^ ^ aWjjgdt < 00 . 

Jo 

(A2) There exists a constant L > 0 such that |6(^) — b{ri)\ < L\\^ — 77 II 00 , i,rj 

(A3) cr is invertible, i.e., there exists a ^ E .if(H, H) such that cr ^H C ^{a) and aa ^ = /, 
the identity operator. 
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We first observe that assumptions (Al) and (A2) imply the existence and uniqueness 
of continuous mild solutions to fll.2p : that is, for any ^Q-nieasurable random variable Xq = 
^ G there exists a unique continuous adapted process {X{t)}t>ro on HI such that P-a.s. 

(1.4) X{t) =e^^C{0)+ [ e^^-^^H{Xs)ds + [ t>0. 

Jo Jo 

To this end, it suffices to show that fll.3p implies 

(1.5) f < cxo 

Jo 

for some e > 0, see, for instance, m Theorem 4.1.3]. To prove (II. bh . we reformulate 
condition fll.3p using the eigenbasis {ej}j>i of A, i.e., {ej}j>i is an orthonormal basis of H 
such that Aci = —AjCj, z > 1. By noting that 




a 


\HS - X] 
i=i 


1=1 


fll.3p is equivalent to 

( 1 , 6 ) 

This implies that fij 
inequality. 


cr e 


* 12 


j = l 3 


< OO. 


:= {j > 1) gives rise to a hnite measure on N, so that by Holder’s 



where C := Thus, fll.3p implies fll.Sp for e G (0, y^]. 

To emphasize the initial datum Aq = ^ G we denote the solution and the segment 
solution by {A^(t)}i>_ro {Af}i>o, respectively. Then the Markov semigroup for the 
segment solution is dehned as 

(1.7) pjiO = E/(X«). / e (e 

We are ready to state the main result in this part. 
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Theorem 1.2. Let (A1)-(A3) hold. If X := sup^g(o,Ai] ~ Le^^°) > 0, then the following 
assertions hold. 

(1) Pt has a unique invariant probability measure p such that < oo for some 

e > 0. 

(2) Pt is hypercontractive and compact in Lf{pL) for large enough t > 0, and fll.ip holds for 
some constants c,a>0. 

(3) For any to > vq, there exists a constant c > 0 such that 

ll/^f - haWvar < c||^ - ?7||ooe"^*, t > to, 

where || • ^var is the total variational norm and /if stands for the law of Xf for (t,^) e 
[0, oo) X 

To illustrate the above result, we present below an example where HI = L^{D-,dx) for a 
bounded domain in Mf. 


Example 1.1. For a bounded domain D C let El = L^(D;dx) and A = —(—A)“, 
where A is the Dirichlet Laplacian on D and a > | is a constant. Let a = / be the identity 
operator on H, and b{^) = L ^(r)n(dr) for a signed measure v on [—ro,0] with total 
variation 1; or b(^) = sup^g[_^p o](^(^)) some measurable g : [—ro,0] —)■ El with 

lls'lloo A L. Then assertions in Theorem 11.21 hold provided 


A ;= sup (s — Le^^°) > 0, 

where R{D) is the diameter of D. 

Proof. Since A = —(—A)", it is well known that the eigenvalues {Aj}i>i of A satisfy A* > 
ci~^ {i > 1) for some constant c > 0. So, for a > | assumptions (A1)-(A3) hold for the above 
choices of El, A, a and h. By Theorem II.21 it remains to prove Ai > Letting Ai be the 

hrst eigenvalue of — A, by the dehnition of A this is equivalent to Ai > As D is covered 

by a cube of edge length R{D), by the domain-monotonicity and the shift-invariance of the 
hrst Dirichlet eigenvalue of —A, Ai is bounded below by the hrst Dirichlet eigenvalue of —A 
on the cube [0,R{D)Y, which is equal to with eigenfunction u{x) := nf=i 

Then the proof is hnished. □ 


1.2 Degenerate FSPDEs 

Let El = Hi X EI 2 for two separable Hilbert spaces Hi and H 2 , and let ^ = C{[—ro, 0]; H) as 
in Subsection 1.1. Consider the following degenerate FSPDE on H: 

(dX{t) = {A,Xit) + BYit)}dt, 

1 dY{t) = {A2Y{t) + b{Xt, Yt)}dt + adW{t), 


5 










where (A, ^(Ai)) is a densely defined closed linear operator on Hj generating a Co-semigronp 
gtAi ^ 1,2), B G =Sf(]H[ 2 , Hi), & : ^ i-G> H 2 is measurable, (a, ^(a)) is a densely defined 
closed operator on H 2 , and W{t) is the cylindrical Wiener process on H 2 . Corresponding to 
(A1)-(A3) in the non-degenerate case, we make the following assumptions (see [I5] for the 
case without delay, i.e., b{Xt,Yt) depends only on X{t) and Y{t)). 

(Bl) ( —A2,^{A2)) is self-adjoint with discrete spectrum 0 < Ai < A2 < • • • counting 
multiplicities such that A^ t oOj is invertible, and 

holds for some constant do G (0,1). 

(B2) There exist constants Ad, K 2 > 0 such that 

|i'(6.'7i) - MG,> 12)1 < /filial -ihiloo + ^^2116 - i; 2 lloo, ({i.'7i), (6,>( 2 ) e V. 

(B3) Ai < 5—Ai for some constant 5 > 0; i.e., (Aix, x) < (5—Ai)|a:p holds for all x G ^(Ai). 
(B4) There exists Aq G =2^(Hi,Hi) such that holds for f > 0, and 



is invertible on Hi. 

Obviously, when Hi = H 2 ,a = B = I and Ai = A 2 with discrete spectrum {—Aj}j>i such 

that holds for some constant 6 G (0,1), then assumptions (Bl), (B3) and 

_ 

(B4) hold. See [15] for more examples, where H 2 might be a subspace of Hi. 

Similarly to the case without delay considered in [I5], assumptions (B3) and (B4) will 
be used to prove the Harnack inequality. Moreover, as explained in Subsection 1.1 for 
the non-degenerate case, from [TU Theorem 4.1.3] we conclude that assumptions (Bl) and 
(B2) imply the existence, uniqueness and non-explosion of the continuous mild solution 
(A^’'^(f), y^’'^(f)) for any initial point (^, r]) G 'if. Let Pt be the Markov semigroup generated 
by the segment solution. We have 

f./K.> 7 ) = E[/(xp'.y,f'’’)], /eigify), K,.7)e*’, t > o. 

Theorem 1.3. Assume (B1)-(B4). If 

(1.9) A' ■.= 1(6 + K 2 + ^/{K 2 - 6y + lAillAll) < sup se'^^'d 

2 V / <iG(0,Ai] 

then all assertions in Theorem M.U hold with A := sup 3 g(o^Ai] ~ e^^°A'). 
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Examples 1.2. Let Hi = EI 2 = L‘^{D; dx) and a = B = I,Ai = A 2 = —(—A)" for some 
a > I as in Example 1.1. Then assnmptions (Bl), (B3) and (B4) hold. See [15] for more 
examples, where H 2 might be a subspace of Hi. To verify (B2) we take, for instances, 

b{^, r]) = Ki f + K 2 f r]diy 2 

J-ro J-ro 

for some signed measures Ui, U 2 on [—rg, 0] with total variations not larger than 1 ; or simply 
KC^v) = + ^ 2 V\\oo where interactions exist between ^ and r]. 

The remainder of this paper is organized as follows. In Section 2 we present a Fernique 
type inequality for inhnite-dimensional Gaussian processes, which will be used to prove the 
concentration condition required in Theorem I1.11 3L Theorems 11.21 and 11.31 are proved in 
Sections 3 and 4, respectively. 

2 Infinite-dimensional Fernique’s inequality 

In [H|, Fernique introduced an inequality for the distribution of the maximum of Gaussian 
processes. To prove the exponential integrability of || Af ||oo for FSPDEs, one needs an inhnite- 
dimensional version of this inequality. However, as the dimension goes to inhnity, existing 
Fernique’s inequality for multi-dimensional Gaussian processes becomes invalid. So, we 
modify the inequality so that it holds also in inhnite-dimensions. To this end, we hrst 
recall the inequality for one-dimensional Gaussian processes (see, e.g., [H page 49] for the 
multi-dimensional case). 

Lemma 2.1 (Fernique’s inequality). Let { 7 (f)}ig[o,i] be a continuous Gaussian process on 
M with zero mean and T = supig[o,i](®7(^)^)^ < 

(j){r):= sup (E| 7 (s)- 7 (t)p) 2 , re [0,1]. 

s,tG[0,l],|s—t|<r 

If 6 := (/>(e~^^)ds < 00 , then 

m^ax | 7 (f)| > r(r-|-( 2 -|-\/^6*) j ^ y e“2®^ds, r > Vd. 

Now, we call a process {7(t)}tG[o,i] on the Hilbert space H a cylindrical continuous Gaus¬ 
sian process, if, for an orthonormal basis {ej}j>i, every one-dimensional process 7 i(t) : = 
( 7 (f), Cj) is a continuous Gaussian process. For a cylindrical continuous Gaussian process 
7 (t) with zero mean, let 

(f)iir)= sup (E| 7 i(t)- 7 i(s)| 2 ) 2 , re [ 0 , 1 ], 

poo 

Ti = sup (E 7 i(t)^)G 5i = Ti +{2 + \/2) / (;/)i(e“®^)ds, z > 1. 

te[o,i] Ji 
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Theorem 2.2. Let 7 (t) he a cylindrical continuous Gaussian process on HI with zero mean 
such that 


( 2 . 1 ) 


oo 

e := ^ 

2=1 


Then, for any positive constant X < minj>i —there exists a constant c > 0 such that 

( 2 . 2 ) 


pf max | 7 (t)| > < ce r > 0. 

Vte[o,i] / 


Proof. Let A = minj>i-^ 

any A G (0,A), it suffices to prove 
Below, we assume that 

(2.3) 

In this case, 


' L'-^5 -*-J ' 

^ • Obviously, fl2.ip implies liiUj^oo = 0 so that A > 0. For 
)es to prove fl2.2p for some constant c > 0 and large enough r > 0. 


fl2.2p for some 
56»A 


r2> 


A-a' 


Vi : = 


so 


that Lemma [2.11 implies 

p( max | 7 i(f)| > ridi) < 
for some constant Ci > 0. Then 


rMog(e +A. ^) y ^ ^ ^ 


/•oo 


, oe / _is2 _i^2 . 

< — / e 2 ds < cie 2 / ^ * > 1 


oo 

pf max | 7 (f)| > < pf max | 7 i(t)P > 

Vte[o,i] / V^tG[o,i] 

i=l 


r 


oo 2^2 1 / I jr —1\ 

(2.4) < 5^p( max | 7 ,(f)p > = ^p(^ max | 7 ,(f)| > 

2=1 ’ 2=1 ’ 


OO 

<ci5^ 

2=1 


— — r? ^ —Ar^ 

e 2 / < cie 


2 P vl' 

2 = 1 


Since, by fl2.3p and the dehnition of A, we have 


r 


V 20 
it follows from fl2.ip that 


OO 1 / f-_1 \ OO 

5^exp[-r^(!H5(!^-A)]<^i!< 

i=l i=l 

Combining this with fl2.4p . we hnish the proof. 


00. 
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Proof of Theorem 


1.2 


We will verify conditions (i)-(iii) in Theorem 11.11 Firstly, according to [TTl Theorem 4.2.4], 
assumptions (A1)-(A3) implies that, for any to > tq, there exists a constant cq > 0 such 
that the following Harnack inequality holds: 

( 3 , 1 ) {P,J(ri)f < e ^f,/ 6 


That is, condition (i) holds for p{C^r]) := ||^ — r/Hoo- 

To verify (ii) and (iii), we will need the condition that A := supj,g(o,Ai]('S ~ > 0. 

Without loss of generality, we may and do assume that the maximum is attained at the 
point Ai; otherwise, in the following it suffices to replace Ai by A'^ G (0, Ai] which attains the 
maximum. By (AI), (A2), and fll.4p . one has 

- Jf”);)! < |«0) - ,(0)1 + L [‘e^“\\xl - X’lUds. 

Jo 

Then, we obtain that 


e^i*||A« - < 0^1"° sup + - A’’(t + 0 )|) 

-ro<e<0 

(3.2) ■■ 

<«"'’■" (ll?->?iu + i / e"‘'||X| - XJIUds) 

Thus, by Gronwall’s inequality we derive that 

(3.3) l|Al-V’'IU<e"-’'"e-"||«-,|U 1 > 0, 


That is, condition (ii) holds. 

To show condition (iii) in Theorem 11.11 we need to prove the exponential integrability of 
the segment solution. 

Lemma 3.1. Assume (AI) and (A2). // A > 0, then there exists an r > 0 such that 

(3.4) supEe'’ll'^‘^ll“ < oo, ^ G 

t>o 


Proof, (a) We hrst use Theorem 12.21 to prove 

(3.5) supEe^''"^*''^ < oo 

t>o 


for some e > 0, where 


(3.6) 


Zt{e) := 


»q+0)+ 


5) A 


crdhF (s) 


t > 0, 6 e [-ro,0]. 
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To this end, for fixed to > 0 let 



{to-tro)+ 




te [0,1], 


Then, fl3.6p implies 

(3.7) = sup | 7 (f)p. 

te[o,i] 

Letting {ej}j>i be the eigenbasis of A, we have 


(3.8) 7i(t) ;= (7(t),ei) = 
Obviously, 

(3.9) 




^-\i{to-tro-s) / * 


cr*ei,dVL(s)), fe[0,l]. 


Ti := sup (E 7 i(f)^)= < \a*ei\ 

iG[0,l] 


:i~2AiS 


ds = 


\cr^ei\ 

7^ 


, i > 1. 


Moreover, note that, for any r G (0,1), there exists a constant c(r) > 0 such that |e e *| < 

c(r)|s — holds for all s,f > 0. Then, fl3.8p . implies that for any 0 < f' < f < 1, 




I ^ 12 

= \a eA 


__ I ^ I 

< cr ed 


^-2Xi{to-tro- 


tro-s) + 


■‘{to-t'roA 


7^0-^r•o)^ 




cij) [ro{t - t')]^ ^ c(^)[2ro(f - t'p 


2A 


1-^ 


2A, 


1-1 


ci(t — t') 2 \a*eA'^ 


A 


1-^ 


> 1, 


where the constant Ci > 0 is independent of and i. So, by the definition of 0,, 


0i(r) < 


1/2 ^1 * I 
Cl r4|cr ed 

m 

A7 " 


, re [0,1], 


Combining this with fl3.9p . we deduce from the dehnition of dj that 

C2|cr*ei| 


Si < 


i > 1 


■'I l_S 5 — 

A7 " 


holds for some constant C 2 > 0 independent of to- This and fll.bp lead to fl2.ip . Therefore, 
according to Theorem 12.21 and (13.7p . we prove (13. 5 p for some constant e G (0,1). 
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(b) Next, we prove fl3.4l) for small r > 0. By fl3.3p . it suffices to prove for ^ = 0. We 
simply denote X{t) = It follows from (Al), (A2), and fll.4p that 


< / e'^^^jco +-h||As||oo}ds + 


Apt 


3h-^)^adiy(s) 


t > 0 


holds for some constant Cq > 0. This implies 


< e^i'^ sup (e^i(*+®)|A(t + 6»)|) 

-ro<6»<0 

< cie^i*(l + \\Zt\\o.) + [ e^^^HA.IUds 

Jo 

for some constant Ci > 0, where Zt is dehned in fl3.6p . So, by Gronwall’s formula, 

< €2(1 + ll^tlloo) + C 2 f ll-^sllooe 

Jo 

holds for some constant C 2 > 0, where A = Ai — > 0 as assumed above. Thus, using 

Holder’s inequality and applying Jensen’s inequality for the probability measure i^(ds) : = 
ds on [0,t], we obtain 


I A, 


t |[CXD 


< Ci(l + ||Z^f||oo) + ciLe^^^^e 


e^i^* gAisi 


(3.10) 


EedAJI- < e^ 3 ^Ee^ 3 r||Zt|| 2 ^^ = ( Eexp 

rt 


Car 


(1 


^-xt\ rt 


A 


,i^(ds; 


'0 


< e'’’^ sup E exp 


Eexp 


^3^ 11 7 

^2 ll^*llco 


s>0 


Cpr ,|2 

IAA 2 II 3|loo^ 


^ Hds: 

, t > 0 , r > 0 


1 

2 


for some constant C 3 > 0. Thus, when r > 0 is small enough, (13. 4 p follows from (I3.5p . □ 

Now, we are in position check condition (iii) in theorem ll.il 

Lemma 3.2. Assume (Al) and (A2). If X > 0, then Pt admits a unique invariant measure 
fx. Moreover, p(e^ll'll°°) < 00 for some c > 0. 

Proof. The proof is similar to that of [21 Lemma 2.4]. Let be the law of Xf. Note that if 
converges weakly to a probability measure as f —)■ 00 , then is an invariant probability 
measure of Pt (see, e.g., [ 6 l Theorem 3.1.1]. Let l^(^) be the set of all probability measures 
on Consider the L^-Wasserstein distance W induced by p{^,ri) := 1 A ||^ — ?7||oo, he.. 


IT(pi,/i 2 ):= inf 7r(p), ^ 1 ,/X 2 e .^(^), 
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where ‘^{^ 1 ,^ 2 ) is the set of all couplings for pi and ^ 2 - It is well known that is 

a complete metric space with respect to the distance W (see, e.g., [5l Lemma 5.3 and 
Lemma 5.4]), and the topology induced by W coincides with the weak topology (see, e.g., 
[5], Theorem 5.6]). So, to show existence of an invariant measure, it is sufficient to prove 
that /if is a hh-Cauchy sequence as t ^ 00 , i.e., 

(3.11) lim 1^(4,4j=0. 

tl ,12^00 

For any ^2 > > 0, consider the following SPDEs 

dX{t) = {AX{t) + b{Xt)}dt + adW{t), te[0,t2l Xo = ^, 

and 

dY{t) = {AY{t) + b{Yt)}dt + adW{t), t e - fi, ^ 2 ], = e 

Then, the laws of Xt^iO ^^cl Yt^{^) are /if^ and /if^, respectively. Also, following an argument 
leading to derive fl3.2p . we obtain 

e^^^E\\Xt-Yt\\l<ciE\\Xt,-t,-^\\lo + Le^^^° [ e^i^E||X, - n||^ds, te[t2-h,t2] 

for some constant ci > 0. By Gronwall’s inequality and A = Ai — > 0 as assumed 

above, this implies 

E||A, - t e [t2 - ti, ta]- 

Combining this with fl3.4p yields 

E||V„ - Y,J\l < 


SO that 

ir(4,4) < E||.Y,. - y,ju < s/F^e-^. 

Therefore, fl3.11l) holds, and, by the completeness of W, there exists /x^ G such that 

(3.12) lim hF(/if,/i«) = 0. 

t^OO 

To prove the uniqueness, it suffices to show that /x^ is independent of ^ G This follows 
since, by the triangle inequality, fl3.3p and fl3.12p . 

Wi/.pi”) < lim + W{A,fi)} = 0. 

t-l-oo ^ 

Finally, since /xf —)■ /x weakly as t ^ 00 , by (13.4p we have 

^(e^lMlL) = /x(A^ A = lim lim E(A^ A < 00 . 

V—>-00 TV—l-oo t—l-oo 

Thus, the proof is finished. □ 
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With the above preparations, we present below a proof of Theorem 11.21 


Proof of Theorem \1.2. According to Theorem ll.il the hrst two assertions follow from (I3.1jl . 
fl3.2p and Lemma 13.21 It remains to prove the last assertion. According to [131 Proposition 
2.2], the Harnack ineqnality fl3.ip implies the log-Harnack ineqnality 

By 0 Proposition 2.3], this implies 

|/^to/(0-^to/(^)r<co||^-r/||Ll|/||L, 

Combining this with the Markov property, we obtain 

lldo+i - rf.+,llvar < 2 sup E\P,J(X^) - PtJ{Xr)\ < 2^oE\\Xf - X;\U t>0. 

ll/l|oc<l 

Therefore, the last assertion follows from fl3.3p . □ 

4 Proof of Theorem 11.3 

According to what we have done in the last section for the proof of Theorem 11.21 it snffices 
to verify the existence and uniqueness of the invariant probability measure, as well as con¬ 
ditions (i)-(iii) in Theorem ll.il In the present setting we have to pay more attention on the 
degenerate part. In particular, the known Harnack inequality (see m Corollary 4.4.4]) does 
not meet our requirement as the exponential term in the upper bound is not integrable with 
respect to the invariant probability measure. So, we first establish the following Harnack 
inequality which extends the corresponding one in [15] for the case without delay. The proof 
is modihed from [TS] using the coupling by change measures. This method was introduced 
in [T] on manifolds and further developed in [12] for SPDEs and in [7] for SDDEs, see [H] 
for a self-contained account on coupling by change of measures and applications. 

Lemma 4.1. Assume (B1)-(B4). Then, for any to > ro, there exists a constant c > 0 such 
that 

(4.1) K,.,), ({,5)6^. /£«,(*>). 

Proof. Let {X{t),Y{t)) = for f > 0, and let {X{t),Y{t)) solve the following 

equation for (Ao,Ho) = 

J dX(t) = {AiX(t) + BY(t)}dt, 

\dF(f) = {A2Y{t) + b{Xt, Yt) + - f)(0)) + e'^^h'(f)}df + adW{t), 

where 

(4.2) h{t) := t{to — ro — t)^B*e~*^oe, t G [0,fo] 
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for Aq in (B4) and some e G Hi to be determined. Obviously, 


(4.3) 7(t) - Y(t) ^ ~ + Mt)|. (6|0,*„]. 

1 to — Tq ) 

In particular, we have YtQ = YtQ. Next, the equations of X{t) and X{t) yield 


(4.4) X{t) - X{t) = e*^i (e(0) - e(0)) + / 

Jo 

Substituting fl4.3p into fl4.4p . we hnd that 




B{Y{s) -Y{s))ds. 


{r]{0) - r]{0)){to - To - s) 


to - ro 


+ h{s) ids 


By virtue of (B4) and the dehnition of h, this implies 

X(t) - X(t) 


= e‘-’‘(C(0)-f(0)) + 


(t-,)A,^,A,^,Aogf (v(0) - ’l(0))(ta - rp - s)- 


h - ’’0 


+ h{s) ids 


(4.5) 


= e*^i 


(m-m+ 




'0 


sAo r/ (h(0) -^(O))(0-^o-g)' 
to - ro 

m 

to - ro 


+ h{s) ids 


= e‘* (?(0) - {(0) + ^ 


for any t E [to — To, to]- Moreover, (B4) implies that 

_ rto-ro 


Qto—ro ■ 


s{to -ro- 


is invertible on Hi. In fl4.2p . in particular, take 

r^o-ro 


e = -Qt.- 


to-ro 


-m + 


to-ro- s 


to - ro 


°B{r]{0) — ri{0))ds 


Then, inserting h{-) back into fl4.5p leads to X(t) = X(t) for arbitrary t G [to — ro,to], i.e. 
Xto = Xtg. Therefore, we arrive at = {Xto,Yto). 

Let ^ 

W{t) = W{t)+ f 0(s)ds, tG[0,to], 


where 


<Pit) := a-^biXt,Yt) - biXt,Yt) + e'^^hiO) - h(0)) + e'^^h'(t) 

^0 - 


14 













By fl4.3p and (14.51) . for some constant C > 0 we have 


(4.6) 


||X, - + ||y, - y,||L < Cdi^ - eilL + \\v 


ml), 


t E [0,to]- 


Thus, by the Girsanov theorem (see, e.g., [6l Theorem 10.14]), {Vh(s)}ig[o,T] is a cylindrical 
Wiener process under the weighted probability measure dQ := i?dP with 

R:= exp (^ - {(j){s),dW{s)) |0(s)|Msy 

Now, we reformulate the equation for {X{t),Y(t)) as 
f dX(t) = {AiX{t) + BY{t)}dt, 


[dy(t) = \^A 2 Y{t)+b{Xt,Yt)jdt + adW{t), t E [0,to]. 

Then, invoking the weak uniqueness of the equation and using (Woj^io) = we 

derive that 

(.PtJdM" = {Eq/(V,.,F,„)}" = {E{Rf(X,„,Y„)Y 


Combining this with (14.6p and the dehnitions of R and 0, we prove (14.11) for some constant 
c > 0. □ 


Next, the following lemma verihes condition (ii) in Theorem ll.il As explained in Section 
3 that we may and do assume A = Ai — A'e^i'’° > 0; otherwise in the sequel it suffices to 
replace Ai by A'^ G (0, Ai] which attains the maximum in the dehnition of A. 


Lemma 4.2. Assume (B1)-(B3) and let (II.Op hold. Then there exists c > 0 such that for 
>' SUP.6(0,A,](S - > 0. 


(4.7) 


llXf-’ - + llif-’ - < c(K - CIU + \\V - ?)IU)e 


—Xt 


for anyt> 0, {^,v) e 

Proof By (B1)-(B3), we have 


,A..|jfS,,(()_^W(()l_lj(0)_ 5(0)1 

< [ e^i"{(5|A«’’'(s) - X«’^(s)| + ||S|| • |y«’’'(s) - y«’^(s)|}ds, 

Jo 

e^idy€-^(t) -yS’^(t)| - |ry(0) -ry(0)| 


(4.8) 


< / e^i^{Ki||X|’’^-Ap|U + i^2r/’"-Af’iloo}ds. 
Jo 
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Next, let 


(4.9) 


a = 


2||B|| 


It is easy to see that a > 0 and, for A' > 0 defined in fll.9p . we have 
(4.10) ah + Ki = A'a, a\\B\\+K2 = \'. 

Combining fl4.8p . fl4.9p with fl4.10p . we derive 

- 4’"lloo + r/’’' - h;^’"lloo) 

< -^lloo + llh-hiloo 

+ + K\)\\Xl’^ - x}^\U + {a\\B\\ + - l?’"|loo)ds 

Jo 

< e^‘''>|a||^-J||„+ 111) -tjllco 

+ A' - Xp|U + l|lf" - V?'''IU)d4. 


Therefore, we complete the proof by using Gronwall’s inequality and A = Ai — A'e^^'’° > 0 as 
assumed above. □ 

Moreover, corresponding to Lemma ITT] for the non-degenerate case, we have the following 
result on the exponential integrability of the segment solution. 

Lemma 4.3. Assume (B1)-(B3) and let fll.9p hold. Then there exists a constant £ > 0 
such that 

supEe^(ll^*"ll^-+ll^*^"ll^-) < iC,v) e 

t>o 

Proof. By Lemma WfR it suffices to prove for (.^, 4 ) = (0,0). Simply denote {Xt,Yt) = 
{X°’°,Y°’°). We have 

X{t) = [ + BY{s))ds, t > 0. 

Jo 

Then, (B3) yields 


(4.11) 


e"'‘| 2 f(«)l< / e"‘*{||B||.|y(i,)| + 4|X(s)|}di,, 


Ais 


Next, according to (Bl) and (B2), it follows that 

(4.12) e^i*|y(f)|< [ e^i^{co + Ki||X,|U + iL 2 ||W|loo}ds + e^i* [ e^^d-4^dW(s) 
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holds for Co := |6(0,0)|. Obviously, using ( 112 ,^ 2 ) to replace (H, ^4), we see that fl3.5p holds 
for 

rit+d)+ 

Zt{e):= / e^^(‘-'*Vdhh(s), 0e[-ro,O]. 

Jo 

Combining (Id.lOh . M.llh with (I4.12p . for the present Zt we have 

e^-‘(a||X(()l|=o + l|rWII=o) 

sup (e^‘<‘+''>|X((+ »)!)+ sup (e^‘<‘+'‘>|y(( + »)|)) 

V -rQ<e<0 ' 


-ro<0<O 
rt 


< e^i^° ( j e^i*{co + M + ^i)||^.||oo + {a\\B\\ + K2)\\Y4^}ds + e^^^\Zt\\J) 

<Cie^i*(l + ||Zi|U)+A'e^^"° [ e^i^(a||X,|U + ||n|U)ds 

Jo 

for some constant Ci > 0. By Gronwall’s inequality and A = Ai — A'e^i^° > 0 as assumed 
above, this yields 

o^ll^illcxD + ||ht||oo ^ Cl(1 + ll-^illcxp) + ciA^e"^^^® (1 + ||^s||cxD)e ^^ds 

pt 


'0 


<C2 1 


00 


+ 




>0 


for some constant C 2 > 0. Hence, by using Holder’s and Jensen’s inequalities as in (13.101) 
and applying (13.51) for the present Zt, we hnish the proof. □ 


Finally, the following lemma ensures the existence and uniqueness of invariant probability 
measure and verihes condition (iii) in Theorem 11.11 so that the proof of Theorem 11.31 is 
hnished. 


Lemma 4.4. Assume (Bl)- (B3) and fll.Op . Then Pt has a unique invariant measure p. 
Moreover, /i(e^ll'll°°) < 00 holds for some constant c > 0. 

Proof. Let be the distribution of and let 

= 1 A (||^-^||oo+ llh-hlloo). 

Making using of Lemmas 14.21 and 14.31 and carrying out an argument of Lemma 13.21 we only 
need to prove that {frf^}t>o is VF-Cauchy as t —?■ 00 . 

For any t 2 > P > 0, let {X{t),Y{t)) solve equation fll.Sp for t G [t 2 — ^ 1 ,^ 2 ] with 
{Xt 2 -ti,Yt 2 _t^) = Then, the laws of {Xt^,Yt^) is So, 

(4.13) 

Next, repeating the proof of Lemma IT^ for t G [t 2 — ti, t 2 ] and {Xt, Yt) in place of 
we obtain 

livy - y lu + i|y,p - Flloo < c(ii{ - vF.lu + ih - yyilooK"*' 
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for some constant c > 0 independent of ti and t 2 - Combining this with fl4.13p and using 
Lemma |4.31 we prove lim^j t 2 ^oo li^) = 0 . □ 
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